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GENERIC TROPICAL INITIAL IDEALS OF COHEN-MACAULAY
ALGEBRAS
KIUMARS KAVEH, CHRISTOPHER MANON, AND TAKUYA MURATA
Abstract. We study the generic tropical initial ideals of a positively graded Cohen-
Macaulay algebra R over an algebraically closed field k. Building on work of Ro¨mer
and Schmitz, we give a formula for each initial ideal, and we express the associated
quasivaluations in terms of certain I-adic filtrations. As a corollary, we show that in the
case that R is a domain, every initial ideal coming from the codimension 1 skeleton of
the tropical variety is prime, so “generic presentations of Cohen-Macaulay domains are
well-poised in codimension 1.”
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1. Introduction
In this paper we study initial ideals of generic tropical variety of a homogeneous ideal in
a polynomial ring. In particular, we show that when the ring is Cohen-Macaulay and the
initial ideal comes from any codimension 1 cone in the tropical variety then the corresponding
initial ideal is prime. This work can be considered as a follow-up to [KMM].
We begin by explaining some background material. Let k be an algebraically closed field
and let k[x] := k[x1, . . . , xn] be the polynomial ring in n indeterminates. Take f(x) =∑
α cαx
α ∈ k[x]. Recall that for w = (w1, . . . , wn) ∈ R
n, the initial form inw(f) is the
polynomial
∑
β cβx
β where the sum is over all β such that the inner product 〈w, β〉 is
minimum. For an ideal J ⊂ k[x], inw(J) is the ideal generated by inw(f), ∀f ∈ J . We also
recall that the the tropical variety Trop(J) ⊂ Rn is defined as:
Trop(J) = {w ∈ Rn | inw(J) contains no monomials}.
It is well-known that Trop(J) is the support of a polyhedral fan (see [MS15, Theorem 3.3.5]).
Fix a homogeneous ideal J ⊂ k[x] and consider the ideal I = g ◦ J obtained by making
a coordinate transformation g ∈ GLn(k). In [RS12] it is shown that for g in a nonempty
Zariski open, Trop(I) is independent of the choice of g. Hence, Trop(I) for g generic is known
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as the generic tropical variety of J . In this paper, when R = k[x]/J is Cohen-Macaulay, we
describe the initial ideals inw(I) for w in the the generic tropical variety Trop(I).
First, let us consider the case of a principal ideal. Take a homogeneous polynomial∑
deg(α)=r cαx
α = f ∈ k[x] with cα 6= 0, ∀α, that is, every monomial of degree r appears in
f with nonzero coefficient. For an index set A ⊆ [n] := {1, . . . , n} we let CA ⊂ Q
n be the
polyhedral cone of tuples w = (w1, . . . , wn) with the property that wi = min{wj | 1 ≤ j ≤ n}
for all i ∈ Ac := [n] \ A, and C˚A ⊂ CA its relative interior. It is straightforward to show
that, for any w ∈ C˚A, the initial form inw(f) is the sum of those monomial terms cβx
β
such that support of β is a subset of Ac. Thus, inw(f) does not contain any indeterminate
xi, i ∈ A. It follows that the quotient algebra k[x]/〈inw(f)〉 is a polynomial ring in |A|
variables over the algebra k[xi | i ∈ A
c]/〈inw(f)〉. If |A
c| > 2 and the coefficients cα are
chosen sufficiently generically, then both f and inw(f) are irreducible, so both k[x]/〈f〉 and
its initial degeneration k[x]/〈inw(f)〉 are domains. We generalize these observations to any
ideal J ⊂ k[x] such that k[x]/J is Cohen-Macaulay.
Now fix a homogeneous ideal J ⊂ k[x] and consider the ideal I = g ◦ J for generic
g ∈ GLn(k). In [RS12] it is shown that if k[x]/I has Krull dimension d, the tropical variety
Trop(I) ⊆ Qn is the support of the polyhedral fan Wnd composed of the cones CA with
|Ac| = n − d + 1. Moreover, Trop(I) detects whether k[x]/I is Cohen-Macaulay, and in
this case the fan structure on Wnd induced from the Gro¨bner fan of I coincides with the fan
structure defined by the cones CA (see [RS10, Corollary 4.7]).
Each point w ∈ Trop(I) can be used to construct a discrete homogeneous quasivaluation
vw : R \ {0} → Q and an associated graded algebra grw(R) (see Section 2 as well as [KM19,
Section 2.4]). Here, grw(R) ∼= k[x1, . . . , xn]/inw(I), where inw(I) is the initial ideal of I
with respect to w. In the following let I = g ◦J for g ∈ GLn(k) chosen from an appropriate
Zariski open subset, and let yi = π(xi) ∈ k[x]/I ∼= R. Our first theorem sharpens the
picture provided in [RS10] by giving an explicit description of grw(R). Each yi gives a
〈yi〉-adic filtration 〈yi〉 ⊃ 〈y
2
i 〉 ⊃ · · · which in turn gives a quasivaluation ordi on R (see
Section 2). We compute vw in terms of the functions ordi for 1 ≤ i ≤ n. We write min(w)
as a shorthand fo min{wi | 1 ≤ i ≤ n}.
Theorem 1.1. With notation as above, let R be Cohen-Macaulay. Let A ⊂ [n] with |Ac| ≤
n− d+ 1 and w ∈ CA, then:
(1) grw(R) ∼= (R/〈yi | i ∈ A〉)[ti | i ∈ A],
(2) vw = (min(w) ⊙ deg)⊕ (
⊕
i∈A((wi −min(w)) ⊙ ordi).
Here deg denotes the quasivaluation on R given by homogeneous degree, and the operations
⊕ and ⊙ are described in Section 2.
As a corollary of Theorem 1.1 we obtain a description of each initial ideal inw(I). For a
subset A ⊆ [n] let IA ⊂ k[xj | j ∈ A
c] be the kernel of the induced presentation πA : k[xj |
j ∈ Ac]→ R/〈{yi | i ∈ A}〉.
Corollary 1.2. Let w ∈ C˚A be as above, then inw(I) = IAk[x1, . . . , xn].
In particular, Corollary 1.2 recovers and refines [RS10, Proposition 4.6].
Let y¯ = {y1, . . . , yn} ⊂ R. The image of the generating set y¯ generates each associated
graded algebra grw(R). Following [KM19, Section 2], y¯ is said to be a Khovanskii basis
for (R, vw). In fact all Q-quasivaluations with Khovanskii basis y¯ are of the form vw for
some w ∈ Qn. Such a quasivaluation is a valuation precisely when the initial ideal inw(I)
is prime. A relatively open cone C˚ ⊂ Trop(I) with inu(I) = inu′(I) for all u, u
′ ∈ C˚ is said
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to be a prime cone if inw(I) is a prime ideal for all w ∈ C˚ (see [KM19]). The next result
gives the state of affairs for prime cones in a generic tropicalization Trop(I).
Theorem 1.3. Let R, J , and I be as above. The ideal J is radical if and only if inw(I)
is radical for all w ∈ Wnd . The ideal J is prime if and only if inw(I) is prime for all
w ∈ Wnd−1 ⊂ W
n
d .
Let 1 denote the all 1’s vector. From [KM19, Theorem 1] and Theorem 1.3 it follows that
if R is a domain then any linearly independent collection w = {w1, . . . , wd−2,1} ⊂ CA with
|A| = d − 2 defines an integral, rank d − 1 valuation vw : R \ {0} → Z
d−1 with a finite
Khovanskii basis. The associated graded algebra grw(R) can be computed with Theorem
1.1. Valuations of this type define flat degenerations of Proj(R) to complexity-1 T -varieties,
and are studied in [KMM].
In general the initial ideals coming from points in the tropical variety Trop(I) are not all
prime. When this happens I is said to be well-poised. This property was defined in [IM19],
where it was shown that the so-called semi-canonical embeddings of rational, complexity-1
T -varieties are always well-poised. Other examples are the Plu¨cker embeddings of Grass-
mannian varieties of 2-planes and any monomial-free linear ideal. Theorem 1.3 shows that
the generic tropicalization of a Cohen-Macaulay domain almost has this property.
Corollary 1.4. Let R be Cohen-Macaulay, with I as above. Then Trop(I) is well-poised
in codimension 1. That is, if w belongs to a codimension 1 cone in Trop(I), for the fan
structure coming from the Gro¨bner fan, then inw(I) is prime.
Remark 1.5. For a positively graded domain R (not necessarily Cohen-Macaulay) [KMM]
uses the Bertini irreducibility theorem to construct a valuation with corank 1 whose as-
sociated graded algebra is finitely generated. The above corollary shows that, when R is
Cohen-Macaulay, in fact one can construct this valuation using any codimension 1 cone
in the generic tropical variety. This makes a direct connection between constructions in
[KM19] and [KMM].
With above assumptions, it turns out that the additional property of being well-poised
is a strong requirement.
Corollary 1.6. Let R be Cohen-Macaulay, with I as above. Then I is well-poised if and
only if it is a linear ideal. In particular, in this case R must be isomorphic to a polynomial
ring over k.
Acknowledgement: We would like to thank Lara Bossinger, Milena Wro¨bel, Mateusz
Micha lek and Bernd Sturmfels for useful correspondence. The problem of studying “almost-
toric degenerations” arising from prime cones of codimension 1 in a tropical variety was
suggested by Bernd Sturmfels.
2. Filtrations and quasivaluations
Let Γ be an ordered group, and let Γ¯ = Γ ∪∞. Recall that a quasivaluation v : R → Γ¯
over k is a function satisfying the following axioms for all f, g ∈ R:
• v(fg) ≥ v(f) + v(g),
• v(f + g) ≥ min{v(f), v(g)},
• v(Cf) = v(f), ∀C ∈ k \ {0}.
We say v is a valuation if v(fg) = v(f) + v(g). Let S(R, v) ⊂ Γ be the set of values of
v; this is a semigroup under the group operation in Γ if v is a valuation, and is referred
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to as the value semigroup of v in this case. The kernel of a quasivaluation is the vector
space of elements which are sent to ∞. We say a quasivaluation v is homogeneous with
respect to the grading on R if the value v(f) of an element f ∈ R is always achieved on
one of its homogeneous components. In the sequel we deal with groups Γ ⊆ Q, and we
assume that the subgroup 〈S(R, v)〉 ⊆ Γ is discrete. Moreover, we take quasivaluations to
be homogeneous (when this makes sense), and we assume the kernel is {0}, i.e. v(f) = ∞
if and only if f = 0.
For each quasivaluation v we obtain an Γ-algebra filtration of R given by the spaces
Fr(v) = {f | v(f) ≥ r}.
In particular, for r ≤ s we have Fr(v) ⊇ Fs(v) and Fr(v)Fs(v) ⊆ Fr+s(v). The filtration
F (v) is homogeneous in the sense that Fr(v) =
⊕
n≥0 Fr(v) ∩ Rn. In particular, the set
of homogeneous elements of degree d with value greater than or equal to r is always a
finite dimensional vector space. Under this operation, the kernel of v is the vector space⋂
r∈Γ Fr(v). Conversely, if we start with a homogeneous algebra filtration F of R with⋂
r∈Γ Fr = {0}, we obtain a quasivaluation vF : R → Γ¯ with kernel {0}, where vF (f) =
max{r | v(f) ≥ r}. For any algebra filtration F the associated-graded algebra is defined as
follows:
(1) grF (R) =
⊕
r∈Γ
Fr/F>r.
Example 2.1. Any homogeneous ideal I ⊂ R has a corresponding I-adic filtration by the
powers Ir ⊂ R. We let vI : R → Z¯ denote the corresponding quasivaluation and grI(R) be
the associated graded algebra.
Proposition 2.2. Let v : R → Γ¯ be a quasivaluation with no kernel. If grv(R) is reduced,
then R is reduced, and if grv(R) is a domain, then R is a domain.
Proof. We show that if R has a nilpotent or a zero divisor, then grv(R) does as well.
Suppose 0 6= f ∈ R, and v(f) = r ∈ Γ. Let f¯ be the image of f ∈ Fr(v) under the
projection Fr(v) → Fr(v)/F>r(v). By definition, f¯
n is computed by taking the image of
fn ∈ Fnr(v) under the projection Fnr(v) → Fnr(v)/F>nr(v). If f 6= 0 and f
n = 0, then
f¯ 6= 0, and f¯n = 0, since fn ∈ F>nr(v). Similarly, if f, g 6= 0 with v(f) = r, v(g) = s and
fg = 0, then f¯ , g¯ 6= 0 and f¯ g¯ = 0 since fg ∈ F>r+s(v). 
Now we define the operation ⊕ on the set of quasivaluations on R, this will be used in
the proof of Theorem 1.1.
Definition 2.3. For quasivaluations v1, v2 on R, define v1 ⊕ v2 to be the quasivaluation
defined by the filtration composed of the following spaces:
(2) Fr(v1 ⊕ v2) =
∑
r1+r2=r
Fr1(v1) ∩ Fr2(v2).
Suppose Γ is a Q-vector space. For w ∈ Q≥0 we let w ⊙ v denote the quasivaluation
obtained by scaling the values of v by w, that is, (w ⊙ v)(f) = wv(f), ∀f ∈ R. It is
straightforward to check that Fr(w ⊙ v) = F r
w
(v) and that n ⊙ v =
⊕n
i=1 v for n ∈ Z≥0.
From now on we will speak of ⊕ on filtrations and quasivaluations interchangeably.
We say that a vector space basis B ⊂ R is an adapted basis for a filtration F if Fr ∩ B is
a basis for Fr, for all r.
The operation ⊕ is not associative in general. However, ⊕ is associative on filtrations
F 1, F 2, . . . , F ℓ if the F i have a common adapted basis B.
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Proposition 2.4. Let F 1, . . . , F ℓ be homogeneous filtrations corresponding to discrete qua-
sivaluations on R. The subspaces {F ir | 1 ≤ i ≤ ℓ, r ∈ Γ} generate a distributive lattice
of subspaces of R if and only if the F i share a common adapted basis. In this case, ⊕ de-
fines an associative operation on the set of quasivaluations defined by taking multiples and
⊕-sums of vF 1 , . . . , vF ℓ . Finally, if F , G are filtrations sharing a common basis B then
vF⊕G(b) = vF (b) + vG(b) for any b ∈ B.
Proof. If the F i share a common adapted basis B, then each space F ir corresponds to a
subset Bir = B ∩ F
i
r and the operations of intersection and sum correspond to intersection
and union of these subsets, respectively. It follows that the F ir generate a distributive lattice
in the subspaces of R. Conversely, if the F ir generate such a lattice, then the same holds for
their intersection with any graded component Rn. A distributive lattice of subspaces of a
finite dimensional vector space always has an adapted basis (see [DRJS18, Section 3]). Let
Bn be this basis for n ∈ Z≥0, then B =
∐
n≥0 Bn is adapted to each of the F
i.
Now, for any r ∈ Q we have:
∑
s+s3=r
(
∑
s1+s2=s
F is1 ∩ F
j
s2
) ∩ F ks3 =
∑
s1+s′=r
F is1 ∩ (
∑
s2+s3=s′
F js2 ∩ F
k
s3
),
this implies that ((vF i ⊕ vF j ) ⊕ vFk)
−1(r) = (vF i ⊕ (vF j ) ⊕ vFk))
−1(r). Observe that
any collection of filtrations obtained by ⊕ and scaling from the F i also share the basis
B, so the first part of this proof applies. Finally, we let b ∈ B ⊂ R and we suppose
that F , G are filtrations adapted to B. If b ∈ Fr, b /∈ F<r and b ∈ Gs, b /∈ G<s then
b ∈ Fr ∩ Gs ⊂
∑
t1+t2=r+s
Ft1 ∩ Gt2 . If t1 + t2 < r + s then without loss of generality we
may assume that t1 < r. It follows that b /∈ Ft1 ∩ Gt2 . The set B is an adapted basis to
each space Ft1 ∩Gt2 and their sum, it follows that b is in
∑
t1+t2<r+s
Ft1 ∩Gt2 if and only
if b is in one of the Ft1 ∩Gt2 , a contradiction. 
Now we assume that Γ = Z or Q with the usual total ordering. An element u ∈ Γn
determines a valuation v¯u : k[x]→ Γ¯ defined by sending a monomial x
α to the inner product
〈u, α〉, and a polynomial
∑
cαx
α to min{v¯u(x
α) | cα 6= 0}. A homogeneous presentation
π : k[x]→ R then determines an associated weight quasivaluation on R by the pushforward
operation: vu = π∗v¯u. In particular for f ∈ R we have vu(f) = max{v¯u(p(x)) | π(p(x)) = f}
(see [KM19, Definition 3.1]).
The associated graded algebra gru(R) of vu is presented by the initial ideal inu(I) ⊂ k[x]
([KM19, Lemma 3.4]), where I = ker(π). In particular, gru(R) is presented by the images
of the generators π(xi) = bi ∈ R, 1 ≤ i ≤ n. We say that the set B = {b1, . . . , bn} ⊂
R1 ⊂ R is a Khovanskii basis of vu ([KM19, Definition 1]). By [KM19, Proposition 3.7],
any quasivaluation with Khovanskii basis B is of the form vu for some u ∈ Γ
n.
Now we let Γ = Q. The behavior of the weight quasivaluations vu is governed by the
Gro¨bner fan Σ(I). To a total monomial ordering ≺ we associate a closed cone τ≺ ∈ ΣΓ(I).
This is the set of u such that in≺(inu(I) = in≺(I). The initial ideal in≺(I) is a monomial
ideal; we let B≺ ⊂ R be the set of images of monomials not contained in in≺(I). It is
well-known that B≺ forms a vector space basis of R. For the basics of Gro¨bner bases, and
a proof of the following see [Stu96] and [KM19, Proposition 3.3].
Proposition 2.5. Let I ⊂ k[x1, . . . , xn] be a homogeneous ideal with Gro¨bner fan Σ(I),
then:
(1) For a monomial order ≺ and u ∈ τ≺, the set B≺ ⊂ R is an adapted basis of vu.
(2) If u,w ∈ τ≺ then vu ⊕ vw = vu+w.
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(3) If u ∈ Trop(I) ⊂ |Σ(I)| then vu(xi) = ui.
(4) For all u ∈ Qn, vu has kernel {0}.
Proof. The fact that Bτ is an adapted basis is [KM19, Proposition 3.3]. Also, [KM19,
Proposition 3.7] implies that vu(xi) = ui if w ∈ TropΓ(I). The quasivaluations vu, vw,
and vu+w all share the basis B≺, so vu ⊕ vw = vu+w by [KM19, Proposition 4.9]. For any
monomial xβ ∈ B≺ we have vu(x
β) = 〈u, β〉, and for any f ∈ R there is some xβ ∈ B≺ such
that vu(f) = vu(x
β), so vu takes finite values. 
3. Proof of main theorems
The proof of Theorem 1.1 involves a Bertini-type construction and a theorem of Rees,
both of which we introduce now. We also use the fact that positively graded Cohen-Macaulay
rings are characterized by the fact that every homogeneous system of parameters (hsop) is
a regular sequence.
Proposition 3.1. Let k be an algebraically closed field. Let J ⊂ k[x] be a homogeneous
ideal such that the positively graded algebra R = k[x]/J is a d-dimensional Cohen-Macaulay
algebra. Then there is a dense, open subset U ⊆ GLn(k) such that for any g ∈ U , and any
A ⊂ [n] with |A| ≤ d− 1, the ideal IA = 〈I, xi | i ∈ A〉 has height d− |A|, where I = g ◦ J .
Any such set {xi | i ∈ A} defines a regular sequence in R ∼= k[x]/I. Moreover, if J is radical
then IA is radical, and if J is irreducible then IA is irreducible for all |A| < d− 1.
Proof. Let X = Proj(R) ⊆ P(V ∗), where V is the space of linear forms in k[x]. For A ⊆ [n]
let VA be the span of {xi | i ∈ A}. By the Kleiman-Bertini theorem there is a dense, open
subset WA ⊆ GLn(V ) such that g ◦X ∩ P(VAc) has dimension d+ |A
c| − n = d− |A| for all
g ∈ WA. If we let W =
⋂
|A|≤d−1WA and I = g ◦ J for g ∈ W , then the image of any set
{xi | i ∈ A} in k[x]/I is part of a system of parameters for R ∼= k[x]/I. The algebra R is
Cohen-Macaulay so the image of any {xi | i ∈ A} in k[x]/I is a regular sequence.
To prove reduced and irreducible, we argue as in the proof of the Bertini theorem, [FOV99,
3.4.8]. We will show that the 0-locus of a choice of k generic forms, thought of as the rows of
an element of Mk×n(k), has the desired property (reduced, irreducible, respectively) when k
has the appropriate size (≤ d− 1, < d− 1, respectively). If |A| = k it follows that there is a
dense, open subset UA ⊆ V
A which has the required property. To prove the theorem, we let
U ⊂ GLn(k) be the intersection of all of the inverse images of the UA under the projections
V n → V A with GLn(k).
Let Z = X ×k Mk×n(k) and X ⊂ Z be the 0-locus of the forms Fj =
∑n
i=1 xiyji,
where the yji are polynomial generators of the coordinate ring k[Mk×n(k)]. Let L be the
restriction of O(1) on P(V ∗) to X , then the xi ∈ V define sections si ∈ H
0(X,L). Consider
the projection p : X → X , and let U ⊂ X be an affine open subset with coordinate ring
A = k[U ]. Without loss of generality we may arrange that L |U= s1OU with si = fis1,
so that p−1(U) ⊂ X is the 0-locus of the equations yj1 =
∑
i>1 fiyji in U ×k Md×n(k). It
follows that p−1(U) ∼= U ×k Mk×n−1(k). As a consequence, we see that if X is reduced or
irreducible, X is as well.
Now we have a surjective map of schemes q : X → Mk×n(k), with Mk×n(k) regular.
Furthermore, the fiber Xm over a closed point m ∈ Mk×n(k) is isomorphic to the 0 locus
of the equations ℓj =
∑n
i=1 ximji ∈ k[x]/I. So we may argue with the generic principle
to understand these subschemes (see [FOV99, Chapter 3]). Irreducibility of Xm for m in
a dense, open subset of Mk×n(k) follows from the last part of the argument in [FOV99,
3.4.10], provided we choose |A| < d− 1 so that Xm has the correct dimension.
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Similarly, if k is characteristic 0, the reduced property is an immediate consequence of
[FOV99, 3.3.15]. If not, we argue as in [FOV99, 3.4.13]. First, we may adapt the proof of
[FOV99, 3.4.12]. Let U be as above, then for m in some dense, open subset of Mk×n(k), and
sections ni = (dfi, fi) ∈ H
0(U,ΩU ⊕ OU ), the sections hj =
∑
nimij specialize to linearly
independent sections over every fiber. if x ∈ U is in the 0-locus of the corresponding ℓj , it
follows that the differentials dℓj are all linearly independent in the fiber ΩU (x). Moreover,
by the same Kleiman-Bertini argument we may choose the dense/open subset of Mk×n(k) so
that the intersection of Xm with the singular components of X strictly lowers the dimension.
As a consequence, if X is Serre’s condition Rt, then so is Xm for m chosen in this subset.
Since X is Cohen-Macaulay, X and Xm are St for all t, so if X is reduced, so is Xm.
We have proved that generic Xm are geometrically irreducible and reduced, so the affine
scheme Spec(k[x]/IA) is generically reduced, and irreducible. But this scheme is also Cohen-
Macaulay, so it is unmixed, and generically reduced implies reduced everywhere. In partic-
ular, if I is prime, so is IA for all |A| < d− 1. 
Next we use the following result, due originally to Rees (see [Ree57, Theorem 2.1]).
Proposition 3.2. Let y¯ = {y1, . . . , yk} be a regular sequence in an algebra R, and consider
the J -adic filtration of R, where J = 〈y1, . . . , yk〉, with associated graded algebra grJ (R).
Then we have grJ (R) ∼= (R/J )[t1, . . . , tk]. The isomorphism is defined by sending each
ti ∈ (R/J )[t1, . . . , tk] to the image of yi in J /J
2 ⊂ grJ (R). Moreover, R/J , in the
righthand side, is identified with R/J as the zeroth degree part of grJ (R) in the lefthand
side.
As before let R be a positively graded algebra. From now on we let y¯ = {y1, . . . , yn} ⊂ R
be chosen as in Proposition 3.1, and we let I ⊂ k[x] be the corresponding homogeneous
ideal. We select a subset A ⊂ [n] with |A| ≤ d − 1, and we let JA = 〈yi | i ∈ A〉. We let
ordA : R → Z¯ be the quasivaluation obtained from the JA-adic filtration of R, and grA(R)
be the corresponding associated-graded algebra. Finally, we let ǫA ∈ Q
n be the (0, 1)-vector
with a 1 for each i ∈ A and a 0 for j ∈ Ac.
Proposition 3.3. We have ǫA = (ordA(y1), . . . , ordA(yn)) ∈ W
n
d . In particular, ǫA ∈
Trop(I), vǫA = ordA and inǫA(I) = IAk[x].
Proof. Observe that yi ∈ JA \ J
2
A for i ∈ A and yj ∈ R \ JA for j ∈ A
c. This and the
definition ofWnd prove the first claim. Proposition 3.2 implies that the set y¯ is a Khovanskii
basis of ordA, so by [KM19, Proposition 3.7], ordA = vǫA since both quasivaluations take
the same values on y¯. Proposition 3.2 also shows that inǫA(I) = IAk[x]. 
Now we fix A ⊂ [n] with |A| = d, and consider the weight vectors ǫi for i ∈ A. We show
that these all live in a common cone of the Gro¨bner fan.
Lemma 3.4. Let A and i ∈ A be as above, then inǫA\{i}(inǫi(I)) = inǫA(I).
Proof. By Proposition 3.3, inǫi(I) = Iik[x1, . . . , xn], where Ii ⊂ k[x1, . . . , xˆi, . . . , xn] presents
R/〈yi〉. The algebra R/〈yi〉 is also Cohen-Macaulay, so the images of {yj | j ∈ A \ {i}}
also form a regular sequence. It follows that grǫA\{i}(gr{i}(R))
∼= (R/JA)[ti | i ∈ A], and so
inǫA\{i}(inǫi(I)) = inǫA(I). 
Now we prove Theorem 1.1 and Corollary 1.2.
Proof of Theorem 1.1 and Corollary 1.2. We observe that (deg(y1), . . . , deg(yn)) = (1, . . . , 1),
and that inw(1,...,1)(J) = J for any ideal we encounter, as everything is homogeneous. In
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particular, deg = v(1,...,1). For w ∈ C˚A we then get (min(w)⊙deg)⊕ (
⊕
i∈A(wi−min(w))⊙
ordi) = vmin(w)(1,...,1) ⊕ (
⊕
i∈A v(wi−min(w))ǫi) = vw, where the latter equality is a conse-
quence of Proposition 2.5. By Lemma 3.4, the ǫi for i ∈ A all lie in the same cone of Σ(I).
Moreover, for any wi > 0 with w =
∑
i∈A wiǫi, we have inw(I) = inǫA(I), as w and ǫA are
in the relative interior of this cone. It follows that grw(R) ∼= grǫA(R)
∼= R/JA[ti | i ∈ A].
Moreover, ⊕-ing with some multiple of degree does not change this calculation. 
Now we use Propositions 3.1 and 2.2 to prove Theorem 1.3 and Corollary 1.6.
Proof of Theorem 1.3 and Corollary 1.6. Let w ∈ C˚A ⊂ W
n
d , then grw(R)
∼= k[x]/inw(I) ∼=
k[x]/inǫA(I)
∼= R/JA[ti | i ∈ A]. If J is radical, then I and IA are radical, so R/JA is reduced
and grw(R) is reduced. The same reasoning holds if w ∈ W
n
d−1 and I is prime. Now if inw(I)
is prime (resp. radical), Proposition 2.2 implies that J is prime (resp. radical). 
To prove Corollary 1.6 we show a slightly stronger result.
Proposition 3.5. Let R, J and I be as above, then the following are equivalent:
(1) C˚A is a prime cone for some A ⊂ [n] with |A| = d− 1.
(2) I is well-poised.
(3) I is a linear ideal.
Proof. Clearly (3) =⇒ (2) =⇒ (1), so we show that (1) =⇒ (3). Suppose that CA were
a prime cone for some |A| = d − 1, then by Theorem 1.1, grw(R) ∼= R/JA[ti | i ∈ A] is a
domain. It must be the case that R/JA is a positively graded domain of dimension 1 which
is generated by its degree 1 component, so R/JA ∼= k[t]. As a consequence, the monomials
in the generators {yi | i ∈ A} ∪ {t} form a homogeneous k-vector space basis of R. Let
I1 ⊆ I be the linear part of I. The Hilbert functions of R/I and R/I1 agree, so I1 = I. 
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